









I Interesting Properties of Harmonic Functions
Introduction
Laplace Operator on the Plane
The Laplacian is an operator, denoted by ∆, that acts on twice
differentiable functions u : R2 → R. On the plane with cartesian







In polar coordinates (r , θ) the Laplacian is
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A Harmonic Function on the plane is a function u : R2 → R such










I u(x , y) = −ex cos y .
I u(x , y) = 2x − 3y .
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Harmonic Functions
Figure: Harmonic Function as defined on an annulus
Harmonic Functions
Figure: a(x , y) = −ex cos y
Fundamental Solution
The fundamental solution is a special nontrivial harmonic function
such that, when written in polar coordinates, it only depends on r
and not on θ. It solves the equation




This harmonic function is important because it can be used to
construct solutions to other partial differential equations that





The −12π is chosen for convenience.
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Poisson Equation
Given f : R2 → R be continuous and compactly supported, the
Poisson equation is
∆u = f .
It turns out that the fundamental solution from the previous slide






ln |ẑ − ŵ |f (ŵ)dŵ
solves Poisson equation. In simple words, the convolution of f with
the fundamental solution solves Poisson equation
Poisson Equation
Given f : R2 → R be continuous and compactly supported, the
Poisson equation is
∆u = f .
It turns out that the fundamental solution from the previous slide
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solves Poisson equation. In simple words, the convolution of f with
the fundamental solution solves Poisson equation
Interesting Properties of Harmonic Functions
Harmonic functions have really interesting properties with several
applications. One of the most useful is the Maximum Principle
Theorem
If a harmonic function has a critical point in the interior of a
bounded, open domain in R2 then that point is a saddle point and
it cannot be a local maximum or a local minimum.
As a consequence, if a function is harmonic on a bounded region,
its maximum and minimum values can only occur at the boundary.
For example, the only harmonic function on the unit disk that
vanishes on the unit circle is u(x , y) = 0.
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